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Abstract

The use of control theory in a LQG form for quantum mechanicasituations has
revealed a new conceptualization of knowledge, measuremand feedback. The
bene ts of state estimation by the Kalman Iter has shown up n theoretical cal-
culations for cooling and con ning of an atom in a harmonic pential, surpassing
previous proposals of direct feedback.

The goal of this thesis is to explore the possible applicatioof a new form of
Iter/controller, the risk-sensitive LEQG Iter, which ha s been shown to enjoy a
sense of robustness against model uncertainties. An invgsttion is launched into
some simple models, and a computer simulation has highliglat circumstances where
the LEQG lter does provide better control.
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Chapter 1

Introduction

Ever since its rise out of the primordial soup, the hallmark fointelligence has been
an interaction with its environment. It has long been the ddse of humankind to
manipulate their environment, whether it be agricultural,medicinal or aesthetically.
To this extent, the concept of science, and its onslaught oéthnological advances,
were inevitable. Over the years, from this progress and und¢anding has arisen the
elds of quantum theory and control theory, which up until recently, have remained
disjoint areas of science.

The theory

Control theory has been a classical conceptualization ofef#back and control of
a physical system, from the point of view of engineering. Thitheory requests
the rigorous de nition of many mathematically complex conepts; Ib-Stratonovich
calculus, Ricatti equations. Even the innocuous term ‘ramm variable' requires the
construction of a probability space with a sense of measurelowever, the resulting
ideas from such formalism are powerful enough to justify thirigour; recursive,
dynamic programming of an optimal control policy, the certaty-equivalence and
separation principle, and the quintessential example of otyol policy, the Kalman
Iter. As a whole, control theory has had decades of re nemério provide a wealth
of analytic tools to bring to bear on many problems.

The framework of quantum theory laid down earlier this centty opened up a
new description of the natural world, and introduced the ida of an inherent uncer-
tainty in nature. Quite possibly this may not have been as dmaatic a paradigm
shift as another fundamental postulate, that of measuremén This requires the
act of measurement carried out by an observer tcollapsethe wavefunction of the
system onto an eigenstate of the observable. Some of the nsun the previous
sentence (observer, measurement) have no precise physaahition, while others
(wavefunction, eigenstate, observable) are only abstraotathematical concepts typ-
ical of quantum theory. These two inherently quantum ideadrreducible uncertainty
and measurement intervention, seem almost contradictoryotthe ideals of control
theory.
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How can one control a system when the mere acts of observatiarects the
system? In recent decades much theoretical work has beenfpaned that allows
the merger of these elds and a resolution of the paradox of ragurement.

This thesis will present results of a simulation of a risk-seitive lter as a con-
trol system for a quantum system. In Ch.ll the ideas of measament theory will
be introduced resulting in a stochastic master equation, amnusual entity that ex-
empli es quantum measurement. Ch.Ill covers the basic elesnts of the quantum
systems under measurement. Ch.IV illuminates the ideas obmtrol theory, and
these are applied to the quantum domain in Ch.V, covering abif the current ideas
of quantum control theory.

In Ch.VI the concept of a risk-sensitive Iter with robust properties is discussed,
and Ch.VII presents the results of a computer simulation deged to show an im-
provement in performance of the risk-sensitive lIter over e risk-neutral Kalman
lter. Ch.VIII concludes the thesis.



Chapter 2

Measurement Models

The process of measurement implies an interaction with theygstem under obser-
vation. By being able to model the e ects of measurement as Weas make some
form of prediction of the results, the theory of continuous psition measurement is
as mathematically elegant as it is philosophically challging.

This chapter covers some of the early ideas of position meesment, and the
modern formalism of measurement, often referred to as "‘op@ons and e ects'. The
end result is a stochastic master equation for bosonic op&es which are coupled
to the system under observation.

The next chapter will spell out how these operators relate tthe position of the
system under observation, and how homodyne detection wikveal this information.

2.1 Introduction

Some of the original theoretical di culties in describing position measurement lay in
the formal rules of Quantum Mechanics. For example, if one rkas a measurement
of position of an atom, then the wavefunction describing thaatom must collapse

onto one of the eigenstates of the position operator. Yet fmally there are no

normalized position eigenstates. Perhaps one could coresidan in nite basis over

the variable x, such as 7

i i= dx® (x x9jx9
However, in momentum space this becomes unnormalizable

z z
dx® (x x9 dke ®’jki

N o

j (k)i
y
dk e ®jki = 1

In a real experiment, this would require an arbitrarily large amount of energy to
strongly couple to the system.
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2.1.1 The density operator

In the real world, practical limitations dictate that physical measurements can come
arbitrarily close, yet never achieve, 100% reliability. Hoexample, one can never be
sure that a photodetector will inform an experimenter of albf the photons incident
to its surface. When such is the case, a classical uncertgins infused into the
system. When an observed system collapses onto a pure quantstate, we the
observers may not know which one exactly, and perhaps onlyehprobabilities of
each. These situations require the use of a density operatfmrmalism, explored
below.

Standard quantum measurement

Elementary quantum mechanics tells us that each observabie represented by an

operator, and the outcome of an observation can be any one bikteigenvalues for

that operator. The probability of a systemj i to be observed with the eigenvalue
, corresponding to the normalized eigenstate i, is given by

Pr[]=h j i (2.1)

If a measured system results in, then the system isconditioned on the result
and collapses onto a new state described by the unnormalizegttorj ~ it given by

j~Ti=j ih ji=Pji (2.2)
where
P =j ih j (2.3)

is the projection operator onto the eigenstatg i. Obviously the normalized version
of the new state is

j iz = | (2.4)

Quantum measurement with density operators

The density operator of a statg i is de ned ag
=j ih j

In this example the density operator will obviously contairas much information as
the original wavefunctionj i

1The tilde ~ implies an unnormalized vector or operator.
20perators will not necessarily have hats on them, e.g. *such symbols should have clear
meaning from the context.
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However, often it is desirable to express a classical unaarty in which quantum
state a system is in, which is achieved by a linear combinatiocof various density
operators, each multiplied by a (classical) probability baring our knowledge for the
likelihood for each operator,

X
= P(a)j aih a (2.5)

a

where the various wave function$ ,i need not be orthogonal.

The basic quantum measurement process can be alternativaedypressed in the
notation of density operators. If a measurement is made on gstem , then the
result implies the new system is described by

~=P P (2.6)
and this result will occur with probability
Pr[ 1=Tr ~ (2.7)

The new normalized density operator, conditioned on the rak is given by

=

= P (2.8)

Notice that the probability of an outcome depends on both thelassical uncertainty
the observer has on the state, as well as the fundamental quam uncertainty
inherent in quantum mechanics.

2.2 Early position measurement theory

In 1987, Caves and Milburn [1] introduced a quantum mechardt model for con-
tinuous position measurement by generalizing the formairs known as \operations
& e ects" theory. Essentially an imprecise measurement wibe an “operation' on
the density operator i.e. a super-operator. The “e ect' isd collapse the density
operator to a variance determined by the measurement appaus.

This section follows much of the derivations provided by Cas and Milburn,
which sets out the favour of formalism employed by Wiseman imis PhD thesis, and
developed in the next section.

2.2.1 The meter

This scheme starts by de ning a ‘meter' that possesses a nmmmim uncertainty,
which involves restricting the height of the wavefunction dscribing the meter. By
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normalization this implies a minimum width, or minimum uncetainty. A meter is

wheeled up to a quantum system which is to be measured, and lbwed to interact
with the system. With some assumptions concerning the metethe “e ect' on the

density operator describing the quantum system can then betermined. The meter
is wheeled away from the system, and then a measurement is reaoh the meter,
which contains information on the system.

Removing the meter from the system and applying the projedn postulate on
the meter, one places the "quantum-to-classical' [1] cut oHeisenberg cut' [2] just
beyond the meter. By allowing the meter to interact with the d®served quantum
system, yet making the measurement on the meter, the metertreated as quantum
mechanical system, like the system under observation.

One natural example to consider [1] is a meter, labelled by nd with variables
X, and py, that is prepared in the pure Gaussian state given by i with a wave
function given by 7

. 1 - ..
j o= p==e X jxi

At time r , this meter is allowed to interact with the system, which jus prior
to the interaction is described by ~ with variables & and p. The total Hamiltonian
rst proposed by Von Neumann [3] is of the form

He= (t 1 )&p

where X' is the position operator of the quantum system, ang is the momentum
operator of the meter. This is an impulsive measurement, wheesuch a small inter-
action time leads to the individual Hamiltonians for the evtution of the meter and
guantum system to be neglected.

Next the meter is removed from the system and an arbitrarily gecise measure-
ment on the position of the meter is made. The result of a meamment on the
meter is given by the trace over the system variables

h i
Px)=Tr T x)™ ™(x) (2.9)

where { x,) is the “operation’, related to the ‘meter' by

Tx) = hje *07 i
— pl_e (Rr %R)2=2
4

Once the results of a measurement are known, the wavefunctiof the quantum
system collapses. The “e ect' on the quantum system is a newerkity operator **
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conditioned on the results of the measurement, and normadid to

A — /( sz)/\(xr)y(xr) (2.10)

If one takes this measurement model to describe further memsments, two
interesting results arise. Firstly, if an initial state of the quantum system considered
has a position uncertainty much larger than that of the meterthen by the act of
measurement, the system collapses to new wave function wétposition uncertainty
' =2, de ned by the meter. This is to be expected; the results of measurement
should provide the observer with knowledge of a system witmaincertainty de ned
by the measuring apparatus.

Further more, if many measurements are made so that the quamh state can
be described by a stationary set of variances, then the mearomentum undertakes
a random walk. This is "back-action’, due to the process of r@gurement (applying
the meter). The random walk in momentum space is unavoidabiithout some
form of feedback, and this is considered by Caves and Milbutater in their paper.

2.2.2 Continuous position measurement

Although Caves and Milburn went on in their paper to describea process of con-
tinuous measurement of position, it is aaon-selectiveevolution of the system. That
is, knowledge of the system acquired from the process of m@&asnent is not used
to condition the density operator describing the system. lbne has aselective or
conditional, equation for the density operator g then the “expectation' or average
of operator < after a measurement is merely the unconditional evolution®~ The
average is expressed with an expectation operator E[ ], and

E < =~* (2.11)

which is the form of the equation by Caves and Milburn. Thus th results of Caves
and Milburn provide a way of checking the correct formulatio of a selective process.

Nonselective evolution is not used in feedback processesddurements are made
and the information derived from the meter are used to feedbk into the system
to adjust the evolution. Thus a master equation conditionecbn measurements is
desired, and an excellent derivation is given by Wiseman inshPhD thesis [2].
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Non-selective evolution

The non-selective evolution of the density operator of a quaum system under
continuous measurement, given by Caves and Milburn, is

dn i 1
— _ - N\ . VAN
G = e SR
i 1
= — N+
where D = is given by the accuracy of the meter and the time between

measurement , and is a property of type of meter usedH, is the intrinsic dynamics
of the system without measurement, andD[c] is a superoperator de ned by

2D[c] =2cc¥ CJdc cc (2.12)

The second term in the master equation should be very famifiait is used in a
master equation describing the decay of atom from an excitestate to a ground
state. Alternatively, it also describes the loss of light duof an optical cavity, with
a decay of the intensity inside the cavity.

This was recognized by the authors, and an analysis highligil a decay of the
o diagonal terms of the density operator in the position bais. This has an obvious
explanation; the continuous non-selectiveneasurementof position of a system leads
to a collapseinto the position basis, which leads to aliagonal representation of the
density operator in the position basis.

2.3 Modern measurement theory

The approach to selective measurement theory, taken by Wisan in his PhD thesis
[2] adopts a more general and abstract notation. The motivain to measure position
is generalized to an arbitrary operator, representing anybservable, and is expressed
as a creation operator for the system under observation.

The development of this formalism will closely follow the diline by Wiseman
in his PhD, but also draws on inspiration in other papers by Mburn and Wiseman
[4], [5] [6]. Also note that~ is set equal to 1 for the next two sections.

Most quantum stochastic equations arise by treating a quaatn system that is
in contact with an in nitely large reservoir with an in nite  number of degrees of
freedom. Coupling to this bath produces the typical damping ects, such as an
excited atom decaying into the ground state, or light leavig a cavity. This “loss'
from a system is a phenomenological consequence of the pssa# detection; for the
detectors considered in this thesis, information on a systewill require the removal
of some part of it for scrutiny. So it is therefore not surprigmg that the same results
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of quantum measurement theory can be developed by replacitige ensemble of
apparatuses with a reservoir, and that reservoir is then pbeed by the observer for
information about the system. These results were also despkd in Wiseman's PhD
thesis; the reader is deferred to this thesis for this physitly insightful interpretation.

2.3.1 Developing the formalism

To form a generalized measurement theory as a master equatidt is instructive to
consider the most general form of master equation for a siegheasurement-related
operator c, the Lindblad form,

=L (2.13)
= i[H; ]+ D[] (2.14)
= i[H; 1+ccY 3cd +icc? (2.15)

whereD is superoperator de ned in Eq.2.12, andH is the intrinsic dynamics of the
system, andL is the Liouville superoperator de ned by

L = i[H; ]+ D[c] (2.16)

Equivalently, if * is the new density operator under an in nitesimal evolution
of the Lindblad form above,

' (1+ dtL) (2.17)
i[H; ]dt+ccYdt 3cd dt + 1ccYdt (2.18)

One point to note here is that the operators are not unique; a transformation
of the form

c! c+ (2.19)
H ! H i} c c (2.20)

results in the same master equation. This transform will beseful later.

Measurement

Now, to generalize the process of a measurement, we use theegal measurement
operators  to determine the new unnormalised density operator*~conditioned
on the result (see Eq.2.6, Eq.2.10),

+ = y (2.21)
= J[ ] (2.22)
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whereJ is the superoperator de ned by
J[cg =cc’ (2.23)

This form of measurement operator is evidently Markovian, red these operators
only need to satisfy the completeness condition

X
y =1 (2.24)

From the inspection of EQ.2.18, if the operatoc was interpreted as the operator
for a light eld output from a cavity with linewidth  and internal light eld a, such

1
that c = a 2, then Eq.2.18 would describe the measurement in terms of ghde-
tections of the output light eld. Sticking with the notatio n of ¢, it can be seen from
the expansion one could postulate two measurement operatdry

0 = }O_(iH + 1dc)dt (2.25)
. = dtc (2.26)

Here we can interpret the second measurement operatoi as the detection of
a photon, so that one photon is ‘removed' from the system vieh¢ action of the
annihilation operator ¢ on the system. This would be expressed in density operator
notation as
~ = 1 J=dtccY (2.27)

Notice also that if ; describes the detection of a a photon, then the probabilityfo
detection (See EQ.2.7) is given by

Pril] = Tr( 1 1)
Tr ccY dt
ho'ci dt (2.28)

where we have used, in the last line, the invariance of the tta under cyclic per-
mutations, and the expectation of an operatohAi being equal to the trace of the
operator by the density matrix Tr(A ). Obviously this ts our previous ideas of
measurement; the probability of detection over a time will b proportional to the
number of photons present and the length of measurement time

The second measurement operator describes the evolutiontloé system when
no photodetection has occurred.
< = y
o T 0 0
= (iH 1cdc) dt ( iH 30 dt
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' i[H; 1dt 3(cdc + cYo)dt

to rst order in dt.

Both of these processes are purity preserving; if a systemksown to be in a
pure state, then it remains in a pure state under either measement evolution.

If the density operator isnot conditioned on the measurement results, then one
can calculate the unconditional, or non-selective evoluth of the density operator.
If a measurement has been made, but the results not observatien the system
will lie in a mixture of the two states weighted by their respetive probabilities (see
Eq.2.8)

X
o= Pr[ ]°
>=(O;l
= ~ (2.29)

=0;1

and conveniently, the dynamics of an unobserved system repluce the original
Lindblad dynamics

+ X +
=0;1
= i[H; 1dt 3(cdc + cYc)dt+ cc’dt
= i[H; ]dt D [ dt
= (1+ dtL) (2.30)

Thus we have two measurement operators that relate to the mearement of photons
emitted from a quantum system, and completely de ne any arkiary evolution of
the Lindblad form.

Ine cient detection

What if we have physical inaccuracies in our macroscopic ngaing device? The
beauty of the density operator formalism is its ability to dal with classical uncer-
tainties, and one of the obvious ways this may enter into a quéum experiment
is the ine cient measurement. In the case of photodetectiosy a photon may only
have aprobability of being detected. Thus the probability of detection needstbe
reduced by a fraction , usually described as a detector e ciency.

We can postulate a new measurement operator for the deteatiof a photon by

1= P dtc (2.31)
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and for a null measure, two operators which need to be summedeo

o = 1 (iH + icodt (2.32)

S = IO(1 )dt ¢ (2.33)

The summation is required as the evolution of the density opator will naturally
no longer be purity preserving.
The new density operator conditioned on photon detection is

~+ =

1 1 1

ccYdt (2.34)

and the new probability of detection Pr[1] = Tr( ; 1) = hd dtis equal to
the original probability of occurrencehc’ci dt, tempered by the detector e ciency .
The density operator conditioned on the null count is now

>@0
=0
1 (H+3dogdt 1 ( iH+ iccdt
+(1 )ccYdt
i[H; 1dt 2(dc + cYodt+(1 )ccYdt (2.35)

to rst order in dt, so that the new total unconditioned density operator stillobeys
the Lindblad form (See Eq.2.30 & Eq.2.29)

+ X + +

= ~ = ~0 + ~
=0;1

i[H; 1dt 3(cdc + cYodt
+(1 )ccYdt+ cc¥dt

i[H; 1dt 3(cdc + cYodt+ ccVdt

(1+ dtL) (2.36)

2.3.2 Stochastic master equation

Now that we have generalized the formalism to deal with ine eent measures, it is
necessary to postulate a relationship between the masteruagion and the classical,
macroscopic process of detection. This is to reformulateghmaster equation in the
form of an explicitly stochastic master equation (SME), with speci es the "quantum
trajectory’ of the system.

To do this, we present the measurement results as a random wadle dN., where
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the subscript c implies that the variable is conditioned on the measuremeitistory.
One natural presentation is thatdN. is either O or 1, conditioned on whether a

photon is detected, and
E[dN]=Tr dc . (2.37)

As an aside, it is also equivalent to postulatelN. by specifying the expected
value and a relationship for all moments ofiN.

E[dN(] T dc .
dNe = dN?

where the 2nd line dictates that the resultdN. can only take values of either O
or 1. This form of postulation relates to the new stochasticaiculus developed
by Wiseman, which is more general than the Ib or Stratonowh calculus usually
encountered. "Wiseman' stochastic calculus is required the development of direct
guantum feedback, and this type of feedback will be considst later.

With this new classical measurement variabldN., a newconditional stochastic
master equation for ideal measurement can be expressed

d.= dNGd dtH[H + idq (2.38)

whereG and H are two new non-linear density operators

y
qq = % (2.39)
H[c] = ¢ +c¢Y Trc + ¢Y (2.40)

Three important points arise from this expression. The rstis that the evolution
for either a count or null result AN, = 1 or O respectively) reduces to the early
conditional evolution equations (See Eq.2.34 and Eq.2.35)Iso, unconditional evo-
lution for this equation is equivalent to taking the expectéion of the equation(See
Eqg.2.11) so that whendN is replaced with EAN;] = Tr ¢ ¢ . the equation re-
produces unconditional evolution (See Eq.2.30 & Eq.2.36)

Finally, one can show that this equation is equivalent to a sichastic Schrdinger
equation (SSE). This is not surprising, since, for perfect easurement, pure states
remain pure, and the evolution of the density operator can benodelled as the
evolution of a linear combination of pure states. Each stateill evolve by the SSE
equivalent to the SME above.

It is easily shown that the equivalent SME for ine cient measirements, using
the measurement operators Eq.2.31, Eq.2.32 & Eq.2.33, is

d.= dNCG[p_c] dtH[IH + icc+dt(1 )D[d] - (2.41)
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where is the detector e ciency.

2.4 Homodyne detection

Now that a general measurement process has been describedpfton detection,

it is possible to extend the general operatoc to include a local oscillator so that
a description of homodyne detection can be developed. Onepapach used is the
transformation invariance of the Liouvillien form of the mater equation, to a mod-

i cation of the operator cand H (See EQ.2.19 & 2.20). One also uses the fact that
for homodyne detection we take the limit of a large local odldtor, which means
the point processdN, with Poissonian statistics can be modelled with a random
variable N with Gaussian statistics.

This will be a heuristic walk through the arguments; more rigrous developments
have been provided by Carmichael [7], Milburn and Wiseman][p}] [6], and Wiseman
[2].

By adding a local oscillator (LO), the measurement operatgrare being changed,
and two new measurement operators can be postulated;

iH + 3c 3¢ + 3+ )c+ ) dt (2.42)
dt(c+ ) (2.43)

0 =

1

Let's keep real for this analysis; it turns out that for homodyne detedbn this is
equivalent to a phase measurement.

Simple homodyne detection

A large coherent eld with a photon ux equal to ﬁ is injected into one port of
a beam splitter of transmittance . The other port is injected with the output eld
of the cavity ¢ so that the transmitted beam becomes

b= +c (2.44)

and perfect measurement of this beam is given N, = P’bdt, with an average
photon ux given by

E[ANJ]=Tr ( 2+ (c+ &)+ o) . dt (2.45)
Note that the above analysis produces the correct SME

d.= dNGc+ ]+dtH[ iH ¢ Lidd . (2.46)
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for the measurement operators de ned in Eq.2.42 and E1.2.4Burthermore, if is
real then this corresponds to homodyne detection on the phlaguadrature of the
output light eld, c+ .

Now we select a time scale small to the system dynamics but dgr enough for a
high number of photodetections, so that we can model the Ps@nian point process
dN, with a normal random variable N . This time scale isdt 322 50 that in
the limit ! 1 the mean photon ux is still large 2dt %2 and given by
Eq.2.45 reducing to

E[AN]"' ( 2+ Hc+ i)dt 2 (2.47)

For a Poissonian process the variance is equal to the mean ?dt 122 and we
can model the photodetections statistics described aboveN.) with the normal
variable N given by

y
N = 2dt 1+thrCI

+ dw (2.48)

wheredW is the Wiener increment satisfying the 1o relation EdW?] = dt

Expanding out the SME (Eq.2.38) to order 2 by substituting in dt 3=2
anddN.! N, we end up with nal result for this chapter

d.= i[H; Jdt+ D[d .dt+ dWH[] . (2.49)

There exists the ine cient measurement SME, which, after tle above derivation,
has the form

p

de= i[H; oJdt+D[d cdt+ " dW H[d . (2.50)

Cleaning up

To express these equations not as function of the light eldutput, but of the
1

light eld inside the cavity we make the substitution ¢ = a 2. Furthermore, by
subtracting o the LO, and then take the limit of alarge LO !1 |, the measured
number of photodetections can be transformed to a scaled ghourrent | . by

. N 2dt )
le = Il!rln —G - hc+ i dt + (2.51)

where = dW=dtis a white noise term related to the Wiener process.
Thus if we multiply the operator a by the constant i, the photocurrent becomes

le=h i(a &)idt+
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and the current is now proportional to the phase i(a a&). Note here that noting
that D[a] = D[ ia]. Finally, the ubiquitous ~ is reintroduced into the system.
Thus we have the stochastic master equation for perfect homtyne detection

de= <[H; Jdt+ Dla] cdt+ "

“dwW HJ[ ia] . (2.52)
and a stochastic master equation for imperfect homodyne dation, with detector
e ciency , given by

d.= i:[H; Jdt+ Da] cdt+ " dw H[ ia] . (2.53)

Both describe the selective evolution of the density operait under continuous phase
measurement.

2.5 Conclusion

If the observer chooses to condition the density operator aime information ac-
quired during the measurement process, then this is selective process. Since a
measurement on a quantum system is subject to a random outcepnthe inclusion of
a stochastic term is required. For an idealized setup with piect measurement, one
has complete knowledge of the quantum system, and in this @#tion the system
can be described by a wave vector with a stochastic term. Hoves, for realistic
systems, imperfect detection and incomplete knowledge diet system, a density
operator is again required to describe the system, with a sthastic term expressing
the information available from the measurement. Thus, thewlution of the system
is stochastic master equation.

The arrival at a SME is the most important outcome of this chager. A master
equation formalism is important for coping with classical ncertainties arising from
ine cient measurements. The stochastic element of a mastezquation is a unique
instalment; it is not a typical stochastic element which usally involves undesirable
noise sources. It possess real information about the systerolution, and is received
through some classical measuring device, the standard quam optical tool being
the homodyne setup. The stochastic master equation Eq. 2.8@scribes the evo-
lution of a quantum system under measurement, by involving atochastic element
which will depend on the measurement results of each run, @uantum trajectory'.



Chapter 3

Quantum Systems

One the process of (homodyne) measurement is understoodge thext step is to
nd quantum systems to measure. In this case, both the exi@ mirror and an
atom inside the measurement cavity provide good candidate3heir Hamiltonians
both have the correct form, and in the case of the exible miwr, readily available
experimentally.

One the other hand, trapping an atom inside a cavity is not soritvial, and the
work by Hood, Lynn, Doherty, Parkins and Kimble at the Califanian Institute of
Technology have made remarkable progress into this eld [8Here it is interesting
to note that the atom is both trapped and measured by the sameéght eld, where
the experiment is operating in the strong coupling regime. Wether the theory spelt
out below is applicable in their situation is unclear.

In this chapter, the atom dynamics are discussed, and with gable approxima-
tions, a Hamiltonian is introduced. This Hamiltonian is usd in conjunction with the
equation for homodyne measurement from the last chapter, dnwith further sim-
pli cations, a measurement equation for the atomic positio is presented. Finally,
choosing an initial gaussian state and harmonically con nig the atom, reduces the
total description of the quantum state to the means and covances oftxi and hpi.

3.1 Measuring the atom position

From the previous chapter we have an equation for the evolain of the density
operator for continuous measurement.

d.= i:[H; Jdt+ D[a] cdt+ " aw H[ ia] . (3.1)

we need to specify the form of the internal dynamics of the sgsn under observation
inside the cavity, namelyH . To do this we need to select a system we wish to observe.
Here two closely related systems can be modelled; a harmaig bound atom
inside the cavity, or a exible mirror making up one end of thecavity. Though
both reduce to the same simple Hamiltonian form under certaiapproximation, the

19
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case of the harmonically bound atom will be look at here. It igasy to see that
for a exible mirror with a linear restoring force proportional to position, along the
lines of Hooks law, that the same mechanical dynamics will babserved as for a
harmonically bound atom; namely quantized simple harmonimotion.

3.2 An atom inside a cavity

Let now assume a two level atom is inside a cavity interactiowith the quantized

eld inside. First we make the dipole approximation, that the atom is much smaller
in dimensions than the wavelength of the light eld. Secong| we make the rotating
wave approximation, so that we can ignore non-energy conggrg dynamics that

occur much on much smaller time scales than we are considerinere.

Then we can start with a model of a two level atom interacting wh a single
mode of the quantized eld. In the Heisenberg picture this i® Hamiltonian of the
form [9]

H=~laYa+ ~ly ,+~g a+g .a)coskox) (3.2)

wherea and & are the bosonic creation and annihilation operators for thguantized
light eld inside the cavity, -, and . are the pseudo spin operators for the
atom?, g is the dipole coupling constant andk, the wavenumber for the eld.

If we assume that the light eld is su ciently far detuned from the resonance
frequency of the atom, with a detuning , then spontaneous enssion can be ignored,
Then taking the equation above, the upper level can be adiatieally eliminated
(See [9], Appendix 17.A) and the resulting e ective Hamiltaian, in the interaction
picture for the cavity, becomes

2~¢°

Hep = ~ L+ ,aacog(kox) (3.3)
Now we make the further approximation that the atom is positbned very close
to the anti-node of the standing optical wave inside the caty, so that cos’(kox)
can be very closely approximated as linear ir. Furthermore, if the atoms start
in the ground state, that is where they'll remain, and the rd term becomes a
constant which does not e ect the dynamics of the system, andan be ignored,
while 2 ;! 1(See footnote), so the interaction Hamiltonian becomes tife form

.
HY = 9 ax (3.4)

Now, if we add to the Hamiltonian the dynamics of the mechana motion of
the atom H,, and a coherent driving term for the coupling of the light eldout of

', = %j1ihyj  ijoihgj, = jOihij and . = jlihoj
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the cavity Hqwe have the Hamiltonian given by Doherty and Jacobs [10]

~Kn 02
H=H, 9 yax+ Hg (3.5)
whereHy is of the form
Hq=i~E(a &) (3.6)
where E is related to the power of the laser P by = P P=(~!y), Isthe decay

rate of the cavity and! ¢ is the angular frequency of the cavity eld.

Note the form of the Hamiltonian, being in the interaction pcture, which would
be the same for the exible mirror. The terma¥ax is the correct form necessary
sincea’a is the phase generator for light, which is now proportionala position x,
so that homodyning will produce position measurement.

A pleasantly simple way to look at this sort of Hamiltonian isto imagine that
the atom merely introduces a change in refractive index, wéh is linear if the atom
is con ned to part of the optical standing wave which is alsoihear in strength with
respect to position. A refractive index change can be notideas a phase shift of
light.

For the mirror, it is well known that the phase of light o a cavity undergoes a
change from positive to negative as a mirror moves through ¢tresonance condition.
On resonance, this change in phase is approximately lineaithvposition, and hence
phase measurement will provide position information.

3.2.1 Measurement of atomic position

Now we can incorporate Eq.2.40 for the dynamics of the atomtwiEq.3.1 describing
the homodyne measurement process. By taking the limit of Ilge , or a very lossy
cavity, we are getting a very good measure of position, sinttee light eld interacting
with the atom, and containing position information, leaveghe cavity quickly to avail
itself to the measurement process. Thus the cavity mode dymécs described bya
are ‘slaved' to the atom dynamics, and the operatora and & can be eliminated
adiabatically. Below is another heuristic walk-through othe rigorous analysis given
by Doherty and Jacobs [10]

Eliminating the cavity modes

If we apply the displacement operatorD( ) to the density operator for the
atom/cavity system, where = 2E= is the steady state of the cavity without the
atom, then the transformation

°=D( )DY( ) (3.7)
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produces the equation for the atom/cavity system

d? = _It Hn ~g(@a+ (a+ &)+ j)x; . dt

+ Dla] (dt+ P —aw H[ ia] . (3.8)

where for the atom

= Kok

This centres the density operator around the vacuum state fahe cavity, where
it will be easy to make further approximations.

For adiabatic elimination, the rate of dynamics of the atom ration must be
slower than the decay rate, so that information about the atm motion is "up-to-
date'. Mathematically the requirement becomes

H i

1 (3.9)

where is a small parameter governing the approximation.

A coherent state, centered around the vacuum state by the dsity operator, still
possess many Fock states with which the atom can interact Wit The strength of
these Fock states will decrease the further from the vacuuntate they are, and the
interaction with the atom will naturally decrease as well, ad it is appropriate to

make the approximation that the various °elements in the number basis scale as

%n / (m+n).

If the atom/cavity operator is expanded out over the varioud~ock states around
the vacuum state, then

° = §i0ih0j +( foilihgj + H:c)
+ $jlihdj + (520 + Hic:) + O( %) (3.10)
and we are now interested in the atom dynamics, tracing ovehé cavity modes

=T T= G+ 1+ O(7) (3.11)

Substituting the above expansion into the SME for homodyne easurement
(Eq.3.1) produces many coupled stochastic equations forehvarious elements of
% for example

B = S H g A & dt+ig (x 3 Hdi+ 3t

P8 ¥ T Y a)dw (3.12)
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The next analytical step requires quite a few proposals. The -diagonal ele-
ments need to be expressed in terms of the diagonal elemerdasad to complicate
matters, all elements are being driven by a stochastic whiteoise dW. However,
continuing to use the adiabatic approximation, it can be seethat most o diagonal
terms will be strongly damped, and steady state values can lassumed. These
steady values can be expressed in terms of the diagonal elatagand the diagonal
elements can be added together to arrive at an equation forghmotion of the atom
under homodyne detection

Hn ~gi j2; dt+2kD[x] dt + P K aw H[x] (3.13)

~

d =

where yu
K= 2Ko%l |

. (3.14)

may be referred to as a coupling constant, as is the rate at vwshi measurement
information is obtained from the system, and consequentlyhe rate at which noise
drive the momentum, due to back action.

The second term in the commutation brackets is merely the dgte force on
the atom, or the in the case of the mirror, the radiation force As with Doherty
and Jacobs, this force will be ignored, as it could be cancal with an appropriate
classical linear force in the opposite direction, by adding term to the Hamiltonian
Hm.

3.2.2 Determining mean and covariances

The equation developed so far is very close to what is requdréo apply the engi-
neering concepts of control theory; what is required is thahe quantum state of the
system is describe by only the means and covariances %oand p.

This can be achieved if the Hamiltonian for the mechanical ntion of the par-
ticle Hy, is no greater than 2nd order in both position and momentum. UWter this
condition, the system state will remain gaussian as it evadg, provided it starts in a
gaussian state [11]. This presumption of beginning in a gaian state is quite rea-
sonable, as it is believed that any non-classical state withpidly evolve to gaussian
state.

Provided that a.) the state start in a gaussian state and b.) e Hamiltonian for
mechanical motion is of no greater order than 2 in position @momentum, then the
guantum state will be speci ed by means and covariances foll &me. Calculating
these amounts to calculating the dynamics of the stochastgystem.
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Means

The means ofx and p will be denoted adxi and hpi, and are easy to calculate from
the expectation of the operators by

hei =Tr[ ¢ ] (3.15)

and
dhci = Tr[ cd ] (3.16)

Using the these de nitions, and invariant property of the tace under cyclic
permutations of the operators within, it is trivial to arrive at

dhxi

':h[x;Hm]idt+2IO 2KV, dW (3.17)

dhpi LHp; HoJi dt + " Fkcaw (3.18)

whereV = hx% h xi? and C is the symmetric covarianceC = itxp + pxi h xihpi
Note that no assumption was made regarding the Gaussian naguof the state; the
equation hold for any state of the system.

Covariances

Calculating the variances and covariances are not as trivias for the means. If the
change in the varianceV, is given by

dV = dhx?  dhxi?

it is easy to seedhx?i will be given by Tr[x?d ], but how does one determine the
di erential of the square of stochastic variablexi ?
Here one turns to the rules of 1b calculus. IfX is a stochastic variable given by

X = fdt + gdwW
then for a function F (X)) of X, the di erential is given by

dF = fdt +gdw

where
_ @F @F @F
M= @t eX " ‘ax’
@F

@x’
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Here the stochastic termsiW cancel fromdhx?i and dhxi?, and the resulting di er-
entials can be divided through bydt to present

\, = i:h:xz;Hm]i + Ziihxih[x;Hm]i 8kV 2 (3.19)
\, = i:h:pz; Hmli + Ztifpih[pi Hmli +2k~* 8kC? (3.20)
C = %k{xp+ pX; Hli + i:hxih[p;Hm]i

+ _itrpih[x; Hnli 8kV,C (3.21)

Notice to this stageH, hasn't yet been speci ed.

Harmonically bound

Now it is pertinent to assume some form of mechanical restri One natural
assumption is harmonically binding the atom to the anti-nod of the light eld. This
could be achieved with the dipole force from a 2nd light eldlt is at this point that
the theory presented thus far di ers from the experiment setp by Hoodet. al, but
it is certainly worth considering how this theory would needo be modi ed to be be
experimentally relevant to Hood. There is also scope for csidering other restraints,
such as the wavelength separation between the measuring atwhtainment beam
[12].
With the assumption
p>  ml! 2x2
+

Ho,= — 3.22
2m 2 ( )

it is obvious that the means reduce to

. p__
dxi = %dt+2 2kV,dwW (3.23)
p
dpi = m!2mxidt+2 2kCdw (3.24)
while the variances reduce to

\, = 2C=m 8kV/2 (3.25)
\, = m!2C+2k~? 8kC? (3.26)
C = Vp=m m!? 8kV,C (3.27)

Here it is obvious that the means and covariances have dectéeghy which is an
important point in control theory, termed separation Furthermore, the covariances
don't posses any random nature to them, they evolve along \ithe means, and end
up in a steady state. This property will be utilized in the sinulation by assuming



26 Quantum Systems

the steady state given by

~ 1
= P P (3.28)
~m!
W= P P— (3.29)
~ p 1
C= 3.30
Ep—_ pTl ( )
where r I
16~k 2
= 1+ ——
m2| 4

It's convenient to point out that the Heisenberg uncertainy principle is still
obeyed in the evolution of these variances; as the measuretngrength k is changed,
the product V,V, remains greater than~.

The means obey some convenient properties, namely being Kasan, linear
and with a gaussian noise source described 8W. Being linear with gaussian noise
allows one to utilized the mathematics of control theory to pesent the optimal
control process, once a parameter was been designated to pegnoized over

3.3 Conclusion

Starting with the stochastic master equation describing adginuous measurement,
and introducing a Hamiltonian which possess the property ajenerating a phase
shift proportional to the position of a quantum object (either atom or mirror), in
the limit of a lossy cavity the motion of the quantum object ca be adiabatically
slaved to the cavity eld, so that measurement of the eld rehtes to a measure of
position. The resulting stochastic master equation for pdgn maintains a gaussian
state over evolution, provided the Hamiltonian for mechawial motion is no greater
than 2nd order in position and momentum. Provided this is sothe state of the
guantum object can be describe by 5 parameters, being the nmeand variance of
the position and momentum, as well as a covariance betweenethwo. Thus it
is natural to harmonically con ne the quantum object, assura an initial gaussian
state, and determine the evolution of the means and covariees for the state. This
completely de nes the state for all time, and the resulting guations for the means
describe a linear Markovian process with gaussian noise, igihplaces the system in
a position to be considered by control theory.



Chapter 4

Control Theory

This chapter introduces the ideas of standard control thegr This covers the Linear
Quadratic Regualtor (LQR) and Linear Quadratic Gaussian(LQG) formulation of
a control problem. These problems di er, as an LQR is when the is deterministic
observation and prefect detection, while an LQG system is erwith stochastic noise
in both the system evolution and the measurement signal. Blothave associated
optimal control solutions, which provide the best control ® apply to a system to
minimize a “cost function', which relates to improved perfonance. The optimal
control for the LQR is to feedback a linear function of the syem state. For the
LQG problem the optimal control solution is provided by the Kalman lIter, the
best estimate of the current state of the system, and the cawt is the same linear
function as the LQR, but of the best state estimate. Thus the QG solution is often
called “state estimation.’

This chapter begins with the concept of a cost function as a wa to measure the
performance of a control policy, as well as determining theate which the control
designer wishes to drive, oregulate the system to. Once convenient form of a cost
function is one quadratic in both the state vector and contrbvector. Next, the
principle of optimality connects the desired outcome de e by the cost function
with the optimal control policy to implement. A general deriation for an arbitrary
cost and system dynamics is illustrated; next it is applied #inear system with a
guadratic cost, the LQR problem. Finally, noise is introdued into both the system
and the measurement process, the LQG model, and the bestigsite of the system
state is given by the Kalman lIter. The previous ideas of pedrmance and optimality
are reviewed, and the Certainty-Equivalence Principle isxpressed, which presents
the optimal control solution for the LQG

It will turn out that for the linear systems with gaussian nose previously con-
sidered, coupled with a quadratic cost function, the optimlacontrol policy will be
to apply the Kalman Iter to provide the best estimate of the gate of the system.

Note that throughout this chapter the notation will swap from continuous ex-
pressions e.g (t) to discrete e.g. ry, and back again. This freedom provides an
access to an easy proofs in one form that may not be so easy ie thther.

27
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4.1 The cost function

De ning the cost function turns out to be a very important processes in designing
a control system. The art of selecting a cost function is an pression of the control

designer of the most desired state of the system, as well a® therformance of the

control policy.

4.1.1 Selecting a cost function

The cost function will express the way a control designer wiss to drive a system by
associating each state with a numerical evaluation of deability. Mathematically,
it is a function of both the state of the systenr and the control policy applied to it
u, and denotedc(r;u) . By intelligently selecting a mapping of all possible sysim
states and controls onto the positive reals

c(r;u):r;u7' R* (4.1)

a control designer creates a way in which to calculate the degbility of the various
states of a system, as well as a measure of the controls useg. Bapping onto the
reals, is a positive bilinear function.

Cost as a measure of state desirability

It is mathematically convenient to map the most desired sta, or state that the
controller is trying to regulate to, onto the origin. By doing so the vectorr now
describes the di erence between the most desired and actsidite. Thus the control
designer associates a small vectorwith a highly desirable state.

Measure of control strength

A cost function is designed to measure the amount of e ort regred to regulate to
the most desired state, by taking into account the contrali applied. If was done, the
naturally unrealistic solution to a control problem would ke to apply an arbitrarily
large (in nite) feedback, forcing the system to be in exacyl the right state. Apart
from the impracticalities of such a setup, there are inherémroblems with control
policies of arbitrary strength. For an arbitrarily large feedback term and a slight
time delay in the control loop, oscillations around the orign will arise naturally.
Thus a measure of control strength should be implicit in theast function.

4.1.2 Performance

A cost function ¢(r; u) also has a second purpose of providing a criteria for evated
the performance of a control policy. If one control policy isnore likely to produce
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states with larger costs (which equates to larger deviatienfrom the desired state)
than another control policy, then the latter control policy would be more desirable,
and this control policy is said to have better performance. flwe denotel as the
performance, then smaller numerical values ofimplies better performance.

A suitable choice for the performanceé is the total amount of cost incurred by a
certain control policy. This is the sum (or integral, in coninuous time) of the costs,
evaluated over the length of time that the control policy ismplemented. In discrete
time this is seen as X

= crougt) (4.2)
t
while the performance criteria expressed in continuous tienis
Z
I

c(r(t);u(t);t) dt (4.3)

Accurate measure of performance

A second desirable quality in a cost function is that it is a motonically increasing

function as the performance of the control policy decreasefor example, assume
that the cost function was given as tt‘f;g numerical linear di eence between the actual
and desired state variables, i.el = rdt. Then if oscillations around the desired
state are set up in the system, the total integrated cost furtion may end averaging
close to zero, which would imply a spuriously good performee. Furthermore, larger
oscillations may not relate to a larger performance critesn (and lower performance),
and in this situation the cost function is not a good represeation of the performance

of a system.

4.1.3 A good cost

After elucidating the importance of the cost function, and eknowledging that it
is desirable for a cost function to posses a few simple chamtstics, it must be
recognized that there still exists an in nite number of posble choices. However,
analytical easy will lead to a cost function quadratic in bdt r and u.

Quadratic solution

One obvious solution is to take the next natural step and sque the di erence vector
r. One could do this viar%, or use a more generalized formPPr , where squares are
weighted by the diagonal elements of the matri¥, as well as correlations between
certain state parameters by the o diagonal terms. To includ the control strengths
one can add a similar termu®Qu, so that the cost function is

c(r;u) = rPr + uQu (4.4)



30 Control Theory

Since the cost function was de ned earlier by Eq.4.1, the mates P and Q must
both be positive de nite, so that

xPx;xQx >0; 8x (4.5)

This solution has further merits. Not only is it quadratic, hut its analytical
nature lends itself to easily implemented control policies

The performance criteria become, for both the continuous drdiscrete time,are
(See Eq.4.2 and Eq. 4.3)

y y
| = or();ut);)dt=  rY)Pr(t)+ u(t)Qu(t) (4.6)

and X X
| = o(re; U t) = rePri + ugQu, (4.7)
t t
There are a few further mathematically requirements that &w exact optimal
controls to be easily formulated. One of these is that the cos positive de nite in
u,which is ensured by Eq.4.5 and Eqg.4.1, so that all controlgg@duce an increase in
cost. Another is that the cost function isdecomposableso that the expected cost
at any time c(r; u) is only a function of the stater, the control u andt. This is also
implied by Eq.4.2 and Eq.4.3.

Once an appropriate cost function has been determined, it then a process of
optimization to determine the optimal control policy to implement.

4.2 Optimal control

The theory of optimal control has a powerful structure whichs independent of the
form of problem which it is applied to, provided the system psses some simple
structure properties. These are that the system is Markovig the state r; of the
system is observable at time, and the expected cost is decomposable (See previous
section).

For any stochastic optimization problem, the optimal contol policy will have a
recursive nature. This will lend itself to easy implementabn, especially with the
use of digital or analogue signal processing.

For the rst part of this section, it will be convenient to express the dynamical
equations for the system, the Principle of Optimality, and he optimal control solu-
tion, in discrete time. Later the continuous time equationgsan be derived by taking
the limit of in nitesimal displacements.
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4.2.1 Principle of Optimality

In other words, one could express the Principle of Optimalitby assuming the opti-
mal control exists, and asking what properties it may posse8elow is an alternative
expression of the Principle of Optimality in words.

Principle of Optimality an optimal control sequence has the property that,
whatever the initial state and the rst optimal control may be, the remain-
ing controls also constitute an optimal sequence, if one sta from the state
resulting from the rst control !

In other words, sayug(t);t 2 (0;T) is an optimal control policy starting from
stater and optimized over timeT . If, during the application of ug, the system passes
through the stater®at time t = , then the remaining control ug(t);t 2 ( ;T) itself
constitutes new optimal control policyu% t 2 ( ;T), designed to start from state
r®and optimized over timeT

4.2.2 Deriving the continuous Optimal Programming equa-
tion

Here is a derivation of the Optimal Programming equation inlhe continuous, com-
pletely determined (perfect detection with no stochasticlement) case. Both the
form of the cost and the evolution of the system state has begeneralized to high-
light its applicability to any situation. The steps outlined below are based on those
taken by Jacobs [13].

Begin by restating the problem in a general form, so that thetate evolves as

dr = g(r;u)dt (4.8)
and the performance criterial is a function of a general cosL(r;u) dt,
Z T
I(r;T) = L(r;u)dt (4.9
0

Here the performance criterion is expressed explicitly afanction of both the initial
state r and the time T over which the control is to be optimized. We can then split
up an arbitrary non-optimal performance criterion into two parts

Z Z

I(r;T) = L(r;u)dt + L(r;u)dt (4.10)
0

Lquote from Jacobs [13] p142
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Here we note that the second term is just another (non-optimlaperformance cri-
terion |1 % with a di erent initial state r®and evaluated over a shorter timel
which leads to 7

I (r;T) = L(r;u)dt + 19%T ) (4.11)
0

By taking to be in nitesimally small the rst term can be exp ressed

Z

L(r;u)dt’ L(r;u)
0

while the state r° can be expressed using Eq.4.8 describing the evolution okth
system as

r{t=) ' r(t=0)+ g(r;u)
leaving us with

I(r;T)" L(r;u) + 1qr+g(r;u) ;T ) (4.12)

This can be further approximated with a rst-order Taylor seaies expansion of the
second term. With the notation

0 gp 1
b

@Kr;T) :% @ §
@ ~@ :
et}
@K

and N the dimensionality ofr

o T + @P(@;;T) @Kr;T)

[(r;T)" L(r;u) + @t

g(r;u) (4.13)

Next minimize this equation for the performance criteria wh respect to the
control u. Here the Principle of Optimality is utilized by equating I (r;T) and
I {r;T), since these will become the same optimal performance erif, starting
from r and evaluated overT. Replacing bothl (r;T) and | {r;T) with notation for
the optimal control 14(r; T), which leaves

lo(r;T)" muin L(r;u)+ @E;T) g(r;u) + lo(r;T) % (4.14)
or _ _
@(g_’l:r) ' muin L(r;u)+ @6&;1') g(r;u) (4.15)

In the limit ! O the approximation becomes an equality, and so dividing by,
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and removing the functional dependences presents the desiresult

@ _ . _ @3 :
@T min L(r;u)+ @ g(r;u) (4.16)

Minimizing with respect to u produces the optimal controlug

4.3 The LOR

The LQR stands for the Linear Quadratic Regulator, which is a set of linear equa-
tions that describe a system with no noise introduced, cougd with a quadratic cost
function. It is a relatively simple situation, and the optimal control solution remains
easily accessible.

4.3.1 System description

Most of the systems of interest posses a few common charaigties, which will be
assumed true so that the control theory from this chapter cahe applied. One of the
rst is the Markovian nature of the system, in which knowled@ of only the present
determines the future. As elucidated by Gardiner, true Marvian systems rarely
exist in reality. 2 However, Markovian processes with continuous sample patte
exist mathematically and are useful in describing reality.

Another accepted notion about the system is that evolutionesponds linearly
to the feedback signal. These systems are a subset of the mgemeral class of
stochastic control problems which won't be considered. Fatly, we model a linear
system, which implies that the changes in the state dependéarly on the previous
states of the system. Often the physical models studied in péics are linear in
nature, and thankfully this often allows an exact solution bthe evolution of the
system. Furthermore, quantum mechanics is a naturally liree theory, and although
the measurement processes introduced earlier have a nareéir nature, the system
under study results in linear expression of evolution. (Sdeg.3.23 and Eq.3.24) As
will be seen in the next chapter, it will also be necessary tordmulate the feedback
mechanism so the system responds in a linear fashion

We can mathematically represent these assumptions with egfions in the con-
tinuous form

dr = Ar dt+ Bu dt

2Most systems exhibit amemory time-scalg during which the evolution of the systems depends
on history, and after which the system is independent of the lstory, or Markovian. If one makes
measurements over time scales larger than this system memprtime scale, then the system is
Markovian, yet the system then becomes discontinuous overanple paths. This raises the question
of whether Markov processes with continuous sample paths &aally exist in reality.
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The linear nature is obvious from the fact that the change intte system vectordr is
linearly related to the stater via A, and similarly a linear response to the feedback
signalu with B. 3

4.3.2 Optimality applied to the LQR

Now it is possible to apply the results in section 4.2.2 for d&ing the continuous
Optimal Programming equation to a system which is linear in bth r and u, and a
cost function| which is quadratic in both r and u. Both justify the terminology of
a Linear Quadratic Regulator.

Restating the problem, we have a system whose evolution issdebed by the
deterministic equation
dr = Ardt+ Budt (4.17)

and we desire to determine the optimal contraliy to apply to the system to minimize
the performance criterion
Z
| = (r%Pr + uQu) dt (4.18)

over an appropriate time interval, the limits usually beingt=0to t =1 .

To begin with, P and Q can be considered symmetric, since if they are not
symmetric they can re-expressed as suthzrom observation of these equations, it is
also reasonable to assume a solution of the fodm= r°r , where is symmetric.

If the form of the optimal case is not symmetric then by uniqueess, it will not be
a solution to the optimal programming equation. If this substuted into Eq. 4.16
for the optimal control

@rr )
@

@@_I(ror ) = min rPr + uQu + (Ar + Bu) (4.19)

rog—_lr = min frPr + uQu +2r° (Ar + Bu)g (4.20)

By taking the derivative with respect to u and setting to zero, the right hand side
is minimized when
20Q+2r°B =0 (4.21)

3How do we know it is Markovian in nature? Here it is obvious that the rate of change only
depends on the state of the system at that time. For the discré&e case, the Markovian nature is
evident from the lack of termsr(i 1) or earlier.

“4Interestingly, this is not the case for a quantum cost function
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or, noting that and Q are symmetric
minu = ug= Kr (4.22)
u

where
K=qQ 'B° (4.23)

This gives us the optimal controlug in terms of a matrix K multiplied by the state
X.

Substituting the optimal control ug = Q B°r given by Eq. 4.22 back into
the right hand side of Eq. 4.20 produces

rog—{z rPr+(Q 'B°r )Q(Q 'B%r )+2r° (Ar B(Q 'B°r )) (4.24)

rog—_lr=r°Pr+r°BQ 'Bor +2r°Ar  2r°BQ 'BOr (4.25)

rog—{ = rq{P+2 A BQ 'B? )r (4.26)

By replacing 2°Ar  with its symmetric counterpart r{ A + A° )r we arrive at
the following di erential equation for the symmetric matrix

@ 0 150

— =P+ A +A B B 4.27

T Q (4.27)
This belongs to a class of equations known as Riccati equatg The boundary
condition is speci ed by considering the limit atT ! 0 where the performance
criteria given by lo = r°r must equal zero, so that (0) = 0. Thus the equations for
the optimal control ug and the optimal performance criterial o have been developed,
and the solution is complete.

Separation

It is pertinent to note the separation structure of the optimal control. It is a linear
function of the state of the systemr, given by the control matrix K. This matrix
depends on the cost speci ed (vi&), the way the system react to the controB and
on the evolving matrix . The linear structure is important p art of the solution, and
the separation between the state vector and the control mak makes the solution
easy to implement.

Often the time over which the control is applied is not speced, and could be
implemented for such a time that the control matrixkK , dependent on , has reached
its steady state value. If the control designer assumes th#te length of time the
control is applied is in nite, then the steady state value isthe appropriate control
to apply, and they can solve the Ricatti equations for the stedy state solution and
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encode that into the control matrix.
0=P+ A +A° BQ 'B° (4.28)

This is termed the in nite horizon situation.

4.4 The LQG

The previous calculations have been a introduction to the soof themes that are
involved with optimization theory and LQ systems. Howeverthe real power of
control theory involves the ability to deal with not only imperfect measurement,
but noise in both the system and the measurement signal. Theagadigm example
for this theory is the Kalman Iter, which uses the gain matrk K de ned previously
(Eq. 4.23), and multiplies it by the best estimatex of the system state, will provides
the optimum control policy. The proof that the same solutionapplies for both the
perfectly understood system and one with noise and impertéamowledge is provided
by the certainty equivalence principle, which will be outined below.

In this section calculations will be performed in continuosi time.

441 A new system

Now a new model is introduced, that incorporates noise intche system and the
measurement signal. This is done by the addition of a white & vector , related
to the Wiener increments by 7

dt = dw
. The new model for the system evolution becomes
r=Ar +Bu+ ; (4.29)

wherer is a vector describing the statey is the vector describing the controls applied
to the system, andA and B are matrices that describe how the system evolves as
a linear function ofr and u. Obviously this system is still Markovian and evolves
linearly with r and u.

Furthermore, a measurement signat shall be introduced, which provides some
information about the state of the system. The information my be complete, or it
may only partially observe the system, so the measuremengsal will be a expressed
as a linear function of the state vector. Most importantly, the measurement signal
is corrupted by another white noise ,. It will have the form

y=Cr+ , (4.30)
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These two noise sources and , may be correlated; in fact, by changing the angle
between the LO and the system signal, from section 2.4, onenceary the amount

of correlation. This manipulation of the system (quantum) wise and measurement
noise will be explored in the next chapter; su ce to say, conbl theory is capable of
dealing with any amount of correlation. The correlations aagenerally be expressed

as
. _ N L

,  L°WM

For this section it will be assume for convenience thdt = 0.

cov

4.4.2 Best estimate

The best estimater, whose dynamics are provided by the Kalman lter, is both a
Least SquaresEstimate (LSE) and a Maximum Likelyhood Estimate (MLE). That
is, it is an LSE in the sense that the expected di erence betwa the real state of
the systemr and the best estimater, as well as the expected di erence squared, has
been minimized. The best estimate is also an MLE, well, becsaiit is most likely
state of the system.

This lends itself to the geometrical interpretation of the lest estimater, being
H;e projection of the actual statex onto the vector space of (lgbserved measurements,

y. If the projection is given as the expectation of given 'y

h x i
E rj y =¢

then the dierence r~ X, orthogonal to P y is minimized.

Along with the best estimater, the uncertainty, or varianceV of the best esti-
mate is also available. This provides some indication of theccuracy oft-

Another way to look at this is to say that given the history of neasurement
results, the distribution of the actual state will have a mea f, with a varianceV .
This distribution evolves as more measurements are takers aystem evolves as well.

The solution to the problem of best estimate is given by the tebrated Kalman
Iter, and for the situation above (Eq. 4.29 and EQq.4.30) it 8 updated with each
measurement a very similar fashion to the system equationBor the best estimate,

2=A% +BU+VCM ‘(y CR) (4.31)
and the variances evolve as
VL=N+A/ +VA® VCM ‘cv (4.32)

whereN and M are the covariances for the two noise sourcesand ,. Derivations
of these relations abound; some particularly good developmts are in [14] [15].
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443 Some old ideas renewed

In this subsection, some previous concepts are brie y resiied; the performance
criteria and the Principle of Optimality. With the introduc tion of noise, these ideas
take on new forms. Using these new forms, one can arrive at thaution to the LQG
problem, being the Kalman Iter. However, instead of covenig that development,
it is easier to employ a concept by Whittle [15] which hands # solution over in a
very simple way.

The performance revisited

Now that a new system has been de ned, by introducing a stocktéic element to the
mathematics, it is necessary to rede ne the performance tegria to take this into
account. It is not appropriate to measure the performance @ control policy using
the previous performancd , over a single run of the system. Perhaps that run will
have statistically larger deviations than normal, implyirg worse performance than
what might be usual. The solution is to use the expectation agator E[] to nd
the expected, or average, cost over the time that the contrglolicy is implemented,
denotedJ. Thus for stochastic systems, the performance is given asetbxpected
total cost, and is evaluated as

" #
X
J=E[I]=E c(re; ug;t) (4.33)

t

y
J=E  c(r(t);u(t):t) dt (4.34)

The Principle of Optimality revisited

Now, for interest, reconsider the Principle of Optimal conbl once again. The
optimal control should be the one that ensures the smallesin(mal) expected cost
over the time of implementation. Similarly if the expected ast is minimized over
the set ofall control policies, denoted by , then this will be the smallest expected
cost, denoted by Jo(r) and can be mathematically expressed as

Zy
Jo(r(t)) =inf E c(r;u)dt (4.35)
0

SHere the subscript 0 implies that it is the best performance,being numerically the smallest.
It results from the optimal control.
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n #
X
Jo(ro) = inf E c(re; Ug; t) (4.36)
t=0
Now a restatement of the Principle of Optimality expressedhe fact that the
in mal expected costJy(r;) at any time t obeys the recursive equation

Jo(re) = irlljf (c(re;ug t) + E[Jo(rees)jre; Uil) (4.37)

The second term in the brackets EJo(r+1)jr¢; U¢] is the expectation ofJg(r.1) at
time t + 1, conditional on, or given that, the state and control at timet is r, and
u¢. Notice that now the in mal process is taken over the controli;, instead of over
the whole control process. This recursive nature lends ité¢o an easy solution.

With some thought, it can be seen that this is equivalent to tk previous state-
ment of the Optimality Principle; that an optimal control sequence (read optimal
in mal expected cost) has the property that if it passes thragh a particular state,
then remaining controls also constitute an optimal sequeac However, instead of
using this, it is easier to appeal to the Certainty-Equivalace Principle, given in the
next.

4.4.4 Certainty-equivalence principle

The Certainty-Equivalence Principle (CEP) [15] is a powetfl notion that allows one
to replace the state in the control loop with the best state ¢snate. The CEP tells
us that the appropriate control for a system with noise and imerfect measurement
introduced, is the same form as that for without noise and p&ct measurement,
namely

Up = Kr (4.38)

(See EQq.4.22) except one has replaced the state of the sys{enailable under perfect
observation) with the best estimate for the state of the sysim r, which comes from
applying the Kalman Iter to the measurement signal. This isthe optimal control
solution for the LQG problem.

It is obvious that this solution has the same separation stature as for the LQR
solution (See section 4.3.2). Furthermore, the control mak K does not depend
on the measurement history, and assuming the end of the coolrprocess is at a
time t = 1 (in nite horizon), then it will assume a steady state form, and the total
control only depends linearly on the best state estimate.

4.5 Conclusion

The desire of the control designer has been quantied in thishapter with the
introduction of the cost function. Next, a Principle of Optimality is utilized to nd
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the “optimal' control to apply to a system, that minimizes the cost function. Two
model have been introduced in this chapter, the LQR and the LG. The LQG model
is a generalized version of the LQR, with stochastic noiseibg introduced into the
system and the measurement process. The Certainty-Equieaice Principle states
that the two have the same control process, but the Kalman lkr is employed to
determine the best state estimate.



Chapter 5

Quantum Control Theory

Now that a basis of control theory has been laid down, it is ti@ to apply this to
the quantum systems previously considered. This work wasvewed by Doherty and
Jacobs [10], and more rigorously derived by Doherty, Tan, Pans and Walls [16],
To begin with, an appropriate "quantum' cost function is prposed and discussed,
as well as some brief ideas of feedback mechanisms. Findlhg optimal controls
are presented

5.1 A good quantum cost

A discussed earlier in section 4.1, considerable importanlies upon the selection of
an appropriate cost function. In the design of a cost functiofor a quantum system,
Doherty and Jacobs [10] suggested a quantum cost functiontae form
4
Jg=  dtTr(r®Pr o)+ uQui, (5.1)

whereh i; indicates an average of the classical random variables, naljthe controls
u, andr is the vector ofoperators

X

) (5.2)

_,
I

This satis es all of the criteria referred to earlier in sedgbn 4.1, most notably it
is quadratic in both position and momentum. Furthermore it hcorporates the best
knowledge of the system state by taking the trace of the demgioperator. Here the
density operator takes on two subtly distinct roles; rst asan operator describing
the quantum system, and secondly as a function containing ¢hbest estimate of the
system state, to our knowledge.

41
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Expanding the quantum state cost
Now expand the 1st term in the quantum cost equation 5.1

X

Tr(rPr o) =TT xp P A (5.3)
= Tr PuX® ¢+ PXp ¢+ PapX ¢+ Pap® ¢ (5.4)
= Pllh(zi + Plzh(pl + P21mXi + Pzzl'pzi (55)

If we assume that the matrixP is symmetric, then this reduces to

Tr(r%Pr o) P12 + Pro(hxpi + hpxi) + Poohp?i (5.6)
= Pu(x?% h xi2+ hxi?)

+Py,(hxpi + hpxi h xihpi + hxihpi)

+Paa(tp?i h pi?+ Hpi?) (5.7)
= PV + h>(i2) + P12(2C + hxihpi)
+Pay(Vp + hpi?) (5.8)

whereV, and V, are the variances ok and p respectively, andC is the symmetric
covariance ofx and p given by

C = ip+ pxi h xihpi (5.9)

leaving us with

Tr ( rOPr C) = P11VX + P]_zZC + P22Vp + Pllh(i 2+ Plzh(lhpl
+ Pzzmi 2 (510)
= ni®Phi+Tr(PV)) (5.11)

whereV is the covariance matrix given by

VW C
V= (2 v, (5.12)
Thus, 7
Jg= dthri®Phi+Tr(PV))+ huQui, (5.13)

5.1.1 Selecting a cost function

Now that a general form of], is available, is it necessary to select the the terms of
the matrix P. It is an interesting question to ask how quantum mechanicsestricts



x5.1 A good quantum cost 43

the form of P, since it won't be possible to reduce the uncertainties of ption and
momentum below that dictated by the Heisenberg uncertaintyrinciple. Yet it is
the total cost to be minimized, so that it is only the size of tle elements oP relative
to each other, that are important.

Considering that the ambition of most atom-optic laboratores is the cooling and
con nement of an atom, one obviously desirable goal would lte place the harmon-
ically con ned atom in the ground state of the potential. This is the minimum
energy eigenstate, and is a gaussian wave function complhgtde ned by

ki = 0 (5.14)
hpi = 0O (5.15)
. 2 — - -~
i =V = o (5.16)
hpiz=V, = im-~! (5.17)
The choice of L
iml
p= 2m"° 0 (5.18)
0
will provide a quantum cost function of
Z
Jg = dt ri®Phi +Tr( PV))+ uQui, (5.19)
Z

1 L hpi?
dt =m! 2xi2 + —
X o
+}m| 2V, + Yo, huQui (5.20)
2 7 2m ¢ '

Here we can see that this form of cost will try to reduce both th deviationshxi and
hpi from the origin, as well as the variance¥, and V,, around the origin. Notice
also that the choice ofP has placed all of the terms in units of energy.

It is also required to determine the form ofQ, which will be the cost incurred
with the application of the control. Although a lot of consiceration was taken to
include this term (see section 4.1.1), this is not a common rsideration for most
physicist, so a relatively simple form can be assumed [10],

(5.21)

In the limit of small g, the cost function becomes a measure of localization in pleas
space, independent of control strength; a cost most phystiwould appreciate.
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5.2 The quantum control model

The equations for the dynamics of the quantum system are

dxi = %du 2P 2kVydwW (5.22)
dpi = m!2hxidt+ 2" Zkcaw (5.23)

which can be expressed in a form more suitable for control they as

) p__
i = %+2 2kVy (5.24)
p
hei = m'%xi+2 2kC (5.25)
so that
dr=Ardt+ Bu + (5.26)
where
X
r =
p
0 1=m
A= mZ 0 (5.27)

and Bu is a control matrix and control signal, yet to be speci ed, ad ; is the white
noise vector with
E[.=0

8k V 2

cov[4] = 8Kk C 2

5.3 The feedback mechanism

There exists a relationship between the best estimated stabf a system, and the
nature of the density operator. Both represent the knowledgof an observer has on
the state of a system in a statistical form. Thus the mappingfahe expectation of
x and p and the best estimate ofk and p

Tr[x ]
Tr{p o]

provides a guide to implementing the feedback mechanism.

Only if the feedback terms a ect the dynamics of the quantum ystem linearly
can the results of the previous chapter on control theory bepgalied. Thus we are

7
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con ned to a Hamiltonian of the form

Hip = £ (Tr[x o; Trlp c])x + 9(Tr[x ]; Tr[p c])p

wheref and g are functions yet to be determined.

Drawing on the results from the previous chapter, it can be sa that the form
of function f and g are linear in Tr[x (] and Tr[p (], as the optimal controlug is a
linear function of the best estimater, given by K.

It is now appropriate to determine the form ofK. We have

K=qQ 'B° (5.28)
where is given by the solution to the steady-state Ricatti equatio (See Eq.4.28)
0=P+ A +A° BQ 'B® (5.29)

where A is given by Eq. 5.27,P by Eq.5.18 andQ by Eq.5.21. A form of the
feedback needs to be assumed here; another assumption fonpdicity will bode

well. If
10
B=1= 0 1 (5.30)
so two individual elements of control are fed into both the psition and momentum,
then the speci cation for K is complete.

Solving the Ricatti equation leads to a elementary control w@trix

This can be easily interpreted. Aqq! 0, the cost to apply control becomes unim-
portant, and the strength of the feedback becomes very higHriving the system to
the ground state. Furthermore, the feedback into théxi term is only a function of
Tr[x ] and likewise for thep coordinate; though this lies somewhat on the judicious
choice ofB.

Thus the form of the feedback Hamiltonian is given by

Hfb = Kr

f(TrIx c])x + o(Tr[p c])p
1=qdTr[x ¢]x + 1=dTr[p ¢]p

54 The end result

The resulting dynamical system of equations folxi and hpi and their associated
covariances have been explored by Doherty and Jacobs [10§d @aeed not be repeated
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here. Su ce to say that localization phase space is achievetb a degree that depends
on many of the parameters previously discussed. Most notgpthe atom is con ned
in a way that is roughly linear with the cost of the controlg, and inversely with the
detector e ciency and the measurement strengtlk (See EQq.3.14).

Finally, these results are compared in the paper by Dohertynal Jacobs [10] with
the model of direct feedback developed by Milburn and Wisemg17]. It can be
seen that although noise can be completely “eliminated’ frothe measured system,
the system is forced to exponentially grow in momentum spaceue to back action.
No Hamiltonian, linear in x and p, and directly proportional to the measurement
signal, can damp this growth in momentum space. Thus direceédback does not
o er the advantages that state-estimation does.



Chapter 6

Robust Control Theory

Although the Kalman lter is the optimal control process to goply to a system where
noise is introduced in a prescribed way, an in nite number obther control process
exists, and it can be shown that other forms of lIters will proide better control

under di ering circumstances.

The search for the risk-sensitive lIter arose out of the de® for a Iter, similar to
the Kalman lter, but with the property of \good performance under any nominal
conditions and acceptable performance for signal and noisenditions other than the
nominal which can range over the whole allowable classes obpible characteristics.”
[18]

This chapter brie y covers some of the ideas surrounding theelatively new eld
of robust control. A rede ned exponentiated quadratic costunction will relate to a
new control policy; a risk-sensitive modi cation on the Kaman lter that provides
an element of robustness to the control system. This new cool Iter is often
termed a Linear Exponential Quadratic Gaussian (LEQG), as the quadratic cost
function has now been exponentiated.

The development of this LEQG theory and the associated solons are highly
mathematical, and a rigorous presentation is provided by Rer Whittle [15]. This
chapter contains only a brief overview.

6.1 A new cost, and a new control

A natural question to ask would be \What would happen if one caAnged the cost
function c(r;u) ?" Obviously, reworking the above calculations would mosbften
result in a di erent control policy. Being di erent to the Ka Iman Iter solution, is

this control still optimal? The answer to this is yes, but theresulting control policy
is optimal to minimize a di erent cost function.

47
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A new cost

A new cost was suggested by Jacobs in 1973, which was very e@lpselated to the
original cost

Rr°Pr+u0Qu dt
Gs(r;u) = e (6.1)

This is merely a re-scaling of the original quadratic cost fiction outlined in the
LQG problem by a parameter , and exponentiated. This new parameter is
often called therisk-sensitive parameterand the control designer is free to set this,
within the bounds of maintaining the integrity of the mathenmatical structure of
the model. This new formulation of the cost lends itself to th description of an
Linear Exponential Quadratic Gaussian (LEQG) problem, where the cost is now
an exponentiated quadratic.

Reduction to the Kalman lter

One interesting property of this new cost is that the free pameter allows the
control designer to reduce the formulation to that of the LQGproblem. More
precisely, in the limit ! 0, the control policy that results from the optimization
process reproduces the Kalman Iter solution to the LQG prolem.

This can be seen by expanding the exponential for small

Jiege = mlijn EI[‘lch(r;U)] _
= mnE e R o utqu o
“ Z
minE 1+ rPr + uQu dt
Z

= 1+ mnE r%Pr+ uQu dt
u

= 1+ rrLin E[c(r;u)]

wherec(r; u) is obviously the quadratic cost from the original LQG formiation. So,
the minimization of the exponentiated quadratic cost overtie control policy reduces
to a minimization of just the quadratic cost over the controlpolicy as ! 0, with

the result being the same control policy of the Kalman lIter.

Interpretation of the cost function

A substantial amount of literature discusses the interprettion of the risk-sensitive
cost function. One easily accessible view is that by exporigting the original
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guadratic cost, one is penalizing deviations from the desn state exponentially
greater than for the original LQG system. As such, the resulting comol will tighter
con ne the system to the desired state with respect to largecale deviations, yet
may su er more deviations on a smaller scale.

Since is called the risk-sensitive parameter, then one can integt ! 0 as
the risk-neutral case, which corresponds to the LQG system. Thus one can coesi
the risk-neutral, or LQG problem, as a special case of the @er risk-sensitive, or
LEQG problem. This is the treatment given by Whittle [15], who also re ects on
being a measure of “optimism' or "pessimism' of the controésigner, as to whether
events will turn out in their favour or not. The risk-sensitive parameter can be
considered an experimental parameter; a knob that the experentalist can turn
up to tighter con ne the perturbations of a system that are nd modelled by the
feedback mechanism.

6.2 Perspective

Consider two quotes which highlights the utility of the LEQGformalism. First a
paper on gquantum feedback, by Doherty, Habib, Jacobs, Mablicand Tan [19],

If parameters of the model of the system are not in fact well kmn
then the control that is optimal for the nominal model may in &ct be a
very poor control loop for models with similar but not identcal values of
the parameters. This problem can be particularly pronounckin systems
with large number of degrees of freedom and the solution ofisiproblem
is the domain of robust control

In a paper by Boel, James and Petersen the essence of robussnis expounded
in a few short words [20]

[Robustness / LEQG] provides good performance under nomineondi-
tions and acceptable otherwise.

Although robustness is cited as one of the greatest bene t$ an LEQG imple-
mentation, perhaps it should be considered that the LEQG fonalism is just as easy
to implement, as a dynamical programming code for a digitalignal processor for
example, as an LQG lIter. Furthermore it contains the LQG Iter as a special case
in its operation ( ! 0). Finally, it allows an experimentalist to control the degee
of “aggressiveness' with which the lter acts.



50

Robust Control Theory




Chapter 7

Robust Quantum Control Theory

The theory behind the application of risk-sensitive controof a quantum system is
relatively new , and although a few papers have consideredidtsituation [21] [22],
there remains some deeper elements to this merger of thesrtbat needs greater
consideration.

This chapter details some of the simulation results achieddor the LEQG lter
applied to the quantum system of an atom being observed, witleedback.

7.1 The simulation

The program used to simulate the quantum control problem wagritten in MAT-
LAB, using the explicit Euler method. The implementation ofthe Iter was taken
in the steady state (See section 4.3.2) as well as the varias¢ which also take on a
steady state form, invariant to the measurement signal.

7.1.1 Separating the nominal and physical models

The program code is set out in Appendix, chapter 9, and is wtégn to calculate
the performance of a control when the nominal model (that whh is being used by
the control system) di ers from the physical model (the sys¢tm which the control
system is applied to).

No delta = 11; x_start = O; x_finish = 1
x = linspace(x_start,x_finish,No_delta);
mu = 0.2
MSE_LQG = zeros(5,No_delta);
MSE_LEQG = zeros(5,No_delta);
for d = 1:No_delta
del = x(d);
phys_init;
runLQG;
MSE_LQG(:,d) = [mean(r(1,:).”2); mean(r(2,:)."2);
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mean(r(3,:).*2); mean(r(4,:)."2); mean(r(5,))];
runLEQG;
MSE_LEQG(:,d) = [mean(r(1,:).”2); mean(r(2,:).”2);
mean(r(3,:).*2); mean(r(4,:)."2); mean(r(5,))];
end
save mu_0.2_del -1-1.2 3.mat

To measure this, a parameteix is introduced into the program, running from
x_start to x_finish with No_delta equally spaced points. A loop over the variable
d selects these variouss and incorporates them into the physical model via the
subroutine phys_init , and the physical model deviates from the nominal ( Iter)
model. For example, to create a dierence in between the phgal and nominal
model in the elementA;; for the state evolution

r=Ar + Bu+ ;
the phys_init routine has the line
A _p = [del ,1/mass ;-mass*w”2,0];

Statistics of each run, in this case the mean-squared positi momentum, con-
trols and mean performance, are logged in the matricddSE_LQ&hd MSE_LEQG

7.1.2 The dierent lters

The simulation subroutinesrunLQGand runLEQGimulate the same physical exper-
iment with the dierent LQG and LEQG lters, and complete dat a for each run
is stored in the matrix r, namely the position and momentum of the atom at each
point, along with the control strength applied and the perfomance up to that point.
Inside, the structure ofrunLQGand runLEQGre almost identical, with a loop ovei
calculating the state of the system for alNo_points points. The subroutinerunLQG
looks like this below.

for i = 1 : No_points-1
dW = randn*sqrt(dt);
% Change in physical model and measure
dr = physical( r(1:2,i), A_p,B_p, Y_p, H_p, N_p,u,dt,dW,de );
dy = measure( r(1:2,i), H_p, N_c, dt, dW );
% Change in filter and control
dr_c = filterLQG(r_c, A c, B c, u, dy, Y.c, H c, N c, dt);
rc=r_oc+drc
u = K*_c;
% records physical system, control and cost

n o
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r(1:2,i+1) = r(1:2,i) + dr;

r(3:4,i) = u;
r(5,i+1) = L(r(1:2,i), Y_p, u, P, Q);
end

Some of the notable points in this loop are

dW : The variable dWequivalent to the typical Wiener increment, is de ned
using the generatorrand built in to MATLAB, which provides a normally
distributed random number with mgean 0 and variance. By scalg with the
square root of the time increment dt, this variable is assured to satisfy the
Ib calculus relation

E dw? = dt (7.1)

subroutine “physical' : The physical model is evolved over the timelt
using the subroutinephysical . Starting with the initial state r, the random
variable dW and the parameters for the physical syste® p B pY pH p
N_pand the control vectoru calculated from the previous state, the change in
the system statedr is determined with

function dr = physical( r, A_p,B_p,Y_p,H_p,N_p,u,dt,dW ,d el)
% Models the physical system
dr = dt*(A_p*r+[0;del] + B_p*u)+Y_p*H_p*dW*N_p~(-0.5);

subroutine ‘'measure': A measurement signal from the system is calculated
via the subroutine measure

function dy = measure( r, H_p, N_c, dt, dW )
% models the change in measurement
dy = H_p*r*dt + sqgrt(N_c)*dw;

subroutine " IterLQG' : Here is where the di erence betweerunLQGand
runLEQGs evident; the system is going to be subjected to two di erenlters,
the LEQG and LQG. Thus for the runLEQGrun, the Iter filterLEQG is
called. These subroutines calculates the change in the besdtimate of the
systemr_c, using the Iter parameters (di erent to those parameters ¢ the
physical model) and the codes

function dr_c = filterLQG(r_c,A c,
B _c,u,dy,Y _c,H c,N_c,dt);
% models changed in estimated state r_c for an LQG filter
dr_c = dt*(A_c*r_c+B_c*u)
+Y_c*H_c™*(dy-H_c*r_c*dt)*N_c"-1,
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and

function dr_c = filterLEQG(r_c, A_c,
B c u dy, Y.c Hc N_.c mu, P, dt);
% models changed in estimated state r_c for an LQG filter
dr ¢ = dt*((A_c + mu*Y_c*P)*r_c + B_c*u)
+ Y_c*H_c™*(dy - H_c*r_c*dt)*N_c~-1,;

7.1.3 Calculating the performance

Performance is calculated by the subroutiné as

function L = L(r, Y_p, u, P, Q)
% calculates the change in the cost function
L = (r*P* + u*Q*u + trace(P*Y_p));

7.1.4 Displaying the results

Using a programpplot , graphs displaying the performance ovex are shown; an
example of such a plot is given by Fig.7.1. Here the performea of the risk-sensitive

0 I I I I I I I I I |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 7.1 : Example of "pplot" output, displaying performance

and risk-neutral lters on a quantum system are shown. The dérence between the
nominal and physical models is usually express as a paramebelled as along

the x-axis The situation of no di erence between the physidaand nominal models is
given by =0, usually at the centre of the x-axis. Along the y-axis the performance
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criteria is displayed, being the quadratic sum of the conttand the deviations from
the origin in phase space. Note that better performance impk a lower performance
criteria.

7.1.5 Cost and performance

In measuring the performance of the LEQG and LQG lters, is wa important to
have a criteria that was consistent between both. It must beemembered that the
LEQG lter is still an optimal control policy, yet for a di er ent cost function, namely
one that is exponentiated.

Here the performance is measured by the quadratic cost furat; the point of
robustness for the LEQG is to perform better for the same co$ly the LQG, when
there exists perturbations between the physical and nomihanodel.

Note that for no perturbation between the two models, the LQGIter will always
out-perform the LEQG lIter. This is because the LQG lter is the optimal Iter for
a performance criteria measured as a quadratic cost. Only @ the models deviate
does the LEQG have a chance of performing better.

7.2 Code check

It is important to check code against some simple situationwhere the solution is
well understood. By removing the control, it was possible tonodel the random
walk in momentum space.

7.2.1 Free run

One good check on the computer simulation is to check a samplath without any

control. Since physically the system is still being pertured by the measurement
apparatus, the atom will undergo a random walk in momentum sxe, and this
will be seen as a increase in both the average position and nmemtum for any

particular run. Note that the average momentum Hipi] is still zero; however, in
the one dimensional case considered in this thesis, it is tmomentum squared
E[ho?i] related to the varianceV,, that is important. Form the graph one can see
the variance growing, as with a random walk.

7.3 Results

Once the program was set up, it was then up to nding a physicahodel that di ers
from the one used in the control system, and seeing if the LEQ@ould out perform
the LQG system.
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Figure 7.2 : Random walk in momentum space

7.3.1 Zeeman

One possible perturbation to the system was that of a Zeemahit. This implies
the addition of a linear potential to the harmonic con nemen of the atom. The
addition of a linear term to the quadratic potential resultsin the shift of the origin
(or the minimum). If one looks at the Hamiltonian for the meclanical motion

p2
H = % + V(X)
p2
= o + Im! °x® + Zeeman term
p2
= oot im! 22 + zox
5 2
zy 2 Z
- p_ +1lml?2 x+ it 0
om 2 m! 2 2m! 2

Notice that this changes the force applied to the particle, rad this arises in the
dynamical equations of the system as an extra constant terrorfp like

Force

@
ax ¥

R
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Figure 7.3: The performances of the LEQG and LQG lters under a Zeeman
shift. The top line is the LEQG cost; the lower line is the LQG cost

and so the equations for the dynamical motion of the system Mbe changed like

X 0 1=m X 0
— - +
P m?2 0 p 2o
X 0
I JA +
[Ap] o

where A,] is the original matrix describing the system dynamics, andbeing the
perturbation parameter.

This was incorporated into the code fophysical.m as below

function dr = physical(r,A_p,B_p,Y_p,H_p,N_p,u,dt,dW,d el)
% Models the physical system
dr = dt*(A_p*r + [0;del] + B_p*u) + Y_p*H_p™*dW*N_p~(-0.5);

From Fig. 7.3 it can be seen that the LEQG Iter does not handlghe system
as well as the LQG, even as the disturbance increases.
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Explanation

An explanation of this can be understood by realizing that ahsft in potential means
that both the LQG and LEQG controllers will be regulating the system to a point
other than the origin. This means that both will su er the same additional cost due
to the atom rolling down the potential, and requiring a consant control to place
it back. With both Iters su ering the same cost displacemen as a result of the
Zeeman shift, the LQG will continue to out perform the LEQG fo all displacements.

7.3.2 Antifriction

To take on a reverse-engineering approach, one can run a siation where an ar-
bitrary perturbation is placed between the physical and nomal model. If the
simulation is successful, in the sense that the LEQG perfostbetter than the LQG
Iter, a physically realistic mechanism to produce that peturbation would need
to be derived. This is the situation for the addition of a termto the system dy-
namics that mimics a frictional or antifrictional term. Alt hough the LEQG Iter
outperforms the LQG lIter, no physical mechanism for this ha been spelt out.

The perturbation

This was almost achieved for a perturbation to the dynamics atrix for the physical
modelA_p This perturbation added a term that coupled the position tothe rate of
change of the position

X 1=m X
P m? 0 p
X
=[As0)] 0
This system is equivalent to the two couple di erential equaons
w= P
m
p= m! %
which can be solved as
x= 1%+ x

This is the equation for a damped harmonic oscillator; with e term X being
proportional to the velocity, energy is being taken into or ot of the system. The
term “anti-friction' is a misnomer; if the sign of is negative, then energy is being
removed from the system, and the amplitude of the oscillatis is being damped via
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the “frictional' term x. For < 0 energy is being introduced into the system, and
this is being described as “antifriction'.

This was encoded into the simulation by changing the matriXA_pin the initial-
ization for the physical model, via

A_p = [del ,1/mass ;-mass*w"2,0];

12

Performance

Del

Figure 7.4: The performance of LEQG and LQG with damping. The top line
is the LEQG cost; the lower line is the LQG cost

Results

The simulation was run for this form of perturbation, and as an be seen from Fig.
7.4, when ! 1, and energy is being added into the system, the LEQG lIter
begins to outperform the LQG Iter. This can be seen by the dranatic rise in the
performance criteria for the LQG (drop in performance), wihé the LEQG maintains
a relatively stationary performance criterion.

To conrm that the LEQG lter is performing better, a plot of t he atomic
motion for the LQG and LEQG lters is provided in Fig.7.5. Onecan see that the
LEQG lIter has tighter constrained the atom to the origin, and had displayed a
typical ‘robust' property by denying large deviations. Ths is a classic LEQG idea
stemming from the exponentiation of the cost function.
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Figure 7.5: Sample paths for the atomic position. The LQG path is on the left,
the LEQG path is on the right

Analysis

Although the graphs above have demonstrated a model whereeth EQG lter per-
forms better then the LQG lter, it is now necessary to estabsh a physical situation
where such might occur. Since antifriction implies energyeing added into the sys-
tem, a mechanism for adding energy needs to determined.

To add energy into a quantum system is not so trivial. To begirwith, one
might consider adding terms to the Hamiltonian. However, iis necessary that the
Hamiltonian implies a constant energy; that is its de nition. The only term that
can be added which is known to maintain the gaussian shape diet state [11] is
one of the formHg; = (xp + px). It must be a symmetric form to maintain the
Hermitian property of the Hamiltonian. This will add a term to the dynamics ofdhxi
of the form Hx;H 4 ]i and similarly to dhpi at term of the form Hp; Hx Ji. It seem
promising going through the calculation that the equationfSee Eq.3.17, Eq.3.18)
of the dynamics are modi ed by

dxi!  dhxi + i~2 hxi dt

drpi! dpi i~2 Hpi dt

however it can be seen that this does not introduce any veltcidependent term,
but a modi cation of the form
x! x+ X

supporting the idea that any modi cation of the Hamiltonian will not introduce a
term of the desired form.
Thus the other option is to modify the master equation. As elcidated earlier in
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this thesis, the most common way of removing energy from a $g81 is by employing
the \damping" superoperator D[A] for some operatorA given by

2D[A] =2AAY AYA  AYA (7.2)

This is used to describe spontaneous emission of an atom, be tdecay of light out
of a cavity. One possibility is to change the sign of the opet@a to produce an "anti'
damping term, introducing energy into the system.

Such a situation could be achieved, with a term for imlhxi proportional to

HTr AY[A; x] +[x; AY]A

and similarly for p. Obviously, the terms x and p won't work; neither will any
Hermitian operators, such axp + px, due to the cyclic property of the trace.

Providing such energy could come from an excited reservoirleeat bath, however
unlikely. Further consideration of this type of equation, ad modi cation of the
master equation, may provide some light on the situation.

7.4 Conclusion

For the two situations illustrated above, two di erent resuts were found.

For Zeeman shift, a linear potential is added to the physicahodel as a perturba-
tion again the nominal model in the controller. Under this fuation the LQG lter
performs better regardless of the strength of the perturbain. Thus the LEQG does
not provide a sense of robustness against stray magnetic dslin an experimental
situation that causes such a Zeeman shift.

For the situation of a spurious “anti-friction' term, whereenergy is being coupled
into the system, the LEQG performs better for large values ahe perturbation.
Unfortunately, so far no physically realistic mechanism fosuch a system is evident.
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Chapter 8

Conclusion

In the situations of a quantum system under observation, vasus levels of approx-
imations are required to produce the dynamical equations fdhe system. The
resulting model, coupled with an appropriate cost functionprovide the necessary
requisites for an LQG analysis, with the resulting Kalman ter o ering consider-
able control over the system. This involves dealing with b&eaction and classical
measurement noise, to provide a best estimate of the systeamd when coupled
with the optimal controller, provides a relatively powerfu feedback system.

The goal of this thesis is to explore the possible applicatioof a new form of
Iter/controller, the risk-sensitive LEQG Iter, which ha s been shown to enjoy a
sense of robustness against model uncertainties. An invgsttion has been launched
into some simple models, and a computer simulation has higgtited circumstances
where the LEQG Iter does provide better control. To this exent, this thesis has
been successful.

There lies a certain irony into simulating robust quantum catrol theory on a
computer. One must conceive of a physical mechanism that ghaces a perturbation
to a system in an experimental situation, that would be oveleoked or ignored for
the control and feedback of the system. It is only under thesg@rcumstances that
LEQG simulations will show better performance. In a real exgrimental situation,
implementing LEQG over LQG provides only greater robustnesby providing risk-
sensitive control, over risk-neutral control.

Furthermore, this project has highlighted the major goals fofurther work into
this area. Introducing non-linearities requires a higheebel of computational power,
that is not easily implemented using standard mathematicaiools. XMDS provides
a excellent machine for simulating many complex, non-lineastochastic quantum
system; it currently is not designed to deal with state-estnation or feedback loops,
and the nature of measurement theory, expressed as a stodiasaster equation,
di ers mathematically from the random nature of coupling tothe environment. By
coupling to the environment, a damping term can be added to a aster equation,
but no randomness is introduced to the master equation. Fumer work is inevitable.
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Chapter 9

Appendix 1

Below are the programs used to implement the simulation. Sarhave been left out
due to there display in the main text of the thesis. This codesian example for the
Anti friction case, but modi cations for the Zeeman e ect have been noted in the
main text.

iNtLEQG.m

% initLEQG.m

% The P & Q for performance criteria
P = [mass*w”"2,0;0,1/mass];

q=1

Q = qr2*P;

% The LEQG filter which models the physical system
A_c = [0,1/mass ;-mass*w"2,0];

B _c = eye(2);

= 2*eta*k;

0.5*8*eta*k*[1,0];

sgrt(2*k)*hbar*[0;1];

O 0O 0
1

if mu ==
Y ¢ = care(A_c'\H _c',G_c*G_c', N_c);
disp(mu = 0"
else
Bl ¢ = sqrt(P);
B2 ¢ = sqgrt(H_c™*(N_c"-1)*H_c);
BlL=[Blc,B2c] ;
ml = size(Bl_c,2);
m2 = size(B2_c,2);
R1 = [ -mu®-1*eye(ml), zeros(ml,m2);zeros(m2,ml), eye(m2 ) |,
Y ¢ = care(A_c', B1,G _c*G_c', Rl);
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end

% The controller

if mu ==

X ¢ = care(A_c,B c,P, Q);
else

Bl ¢ = sqrt(G_c*G_c");

B2_c = sqrt(B_c*inv(Q)*B_c");
B2 =[Blc,B2c];
ml = size(Bl_c,2);
m2 = size(B2_c,2);
R2 = [ -mu™-1*eye(ml), zeros(ml,m2);zeros(m2,ml), eye(m2 ) |,
X ¢ = care(A_c, B2, P, R2);
end
K = -inv(Q)*B_c™*X_c*inv(eye(2) - mu*Y_c*X_c);

initLQG.m
% initLQG.m

% The P & Q for performance criteria
P = [mass*w”"2,0;0,1/mass];

q=1

Q = gr2*P;

% The LQG filter which models the physical system
A _c¢ = [0,1/mass ;-mass*w”"2,0];

B_c = eye(2);

N_c = 2*eta*k;

H_c = 0.5*8*eta*k*[1,0];

G_c = sqgrt(2*k)*hbar*[0;1];

Y ¢ = care(A_c'\H ¢',G c*G_c', N_c);

% The controller
X_c¢ = care(A_c,B_c,P,Q);

K = -inv(Q)*B_c™*X_c;

phys _init.m

% Initialize the information for physical constants and the
mass = 1,
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w = 2;
eta = 0.9;
k=w, % w=ck, and ¢c =1
hbar = 1;

% The physical system - note H p and N_p are

% measurement parameters, but cannot be separated
A p = [0 ,1/mass ;-mass*w"2,0];

B_p = eye(2);

G_p = sqrt(2*k)*hbar*[0;1];

% For measurement

H_p = 0.5*8*eta*k*[1,0];

N_p = 2*eta*k;

% Variances

Y_p = care(A_p'H_p',G_p*G_p");
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